We are interested in the question of the existence of flat manifolds for which all R-irreducible components of the holonomy representation are either absolutely irreducible, of complex or of quaternionic type. In the first two cases such examples are well known. But the existence of the third type of flat manifolds was unknown to the authors. In this article we construct such an example. Moreover, we present a list of finite groups for which a construction of manifolds of quaternionic type is impossible.
Introduction
Let M n be a flat Riemannian manifold of dimension n, i.e. a compact Riemannian manifold without boundary, with sectional curvature equal to zero. From the Bieberbach theorem [16] it is known that the torsion free fundamental group Γ = π 1 (M n ) of the manifold M n defines a short exact sequence
where Z n is the unique maximal abelian subgroup of finite index in Γ. The finite group G is the holonomy group of M n . By the holonomy representation of the group Γ we shall understand a homomorphism ϕ Γ : G → GL n (Z) given by the formula ∀ g∈G,z∈Z n ϕ Γ (g)(z) = γzγ −1 ,
where γ ∈ Γ is any element such that p(γ) = g. Since Z n is a maximal abelian subgroup, ϕ Γ is a faithful representation. Any short exact sequence (1) corresponds to an element α Γ ∈ H 2 (G, Z n ), where G acts on Z n via ϕ Γ . Moreover, an element α ∈ H 2 (G, Z n ) defines a flat manifold if and only if res G C α = 0 for any cyclic subgroup C ⊂ G. Such an element α is called special, see [16, p. 29, 36] . In this note we are interested in the question of the existence of flat manifolds for a special kind of holonomy representation. We shall need some definitions.
Let h : G → GL m (R) be a faithful representation. Denote by W a left R[G] module which is defined by the representation h. We have a direct sum W = V 1 ⊕V 2 ⊕· · ·⊕V k of R[G]-irreducible modules V i for i = 1, 2, ..., k. It follows from [5, Theorem (73.9) ] that there are three kinds of summands: absolutely irreducible, "complex" and Date: February 19, 2020. 2010 Mathematics Subject Classification. Primary: 20H15, Secondary: 20C15, 53C26, 57N16. The third author was supported by FAPESP in Sao Paulo (Brazil) and MPI Bonn.
into isotypic components of real, complex and quaternionic type. There exists a similar characterization of C-irreducible representations. Let χ be character of G and ν 2 (χ) = 1 |G| g∈G χ(g 2 ).
By definition ν 2 (χ) is the Frobenius-Schur indicator. Let V be as above an 
So knowing the irreducible representation on complex spaces and their Frobenius-Schur indicators allows one to classify irreducible representations on real space.
In this paper we are interested in the question of the existence of flat manifolds whose R-irreducible components of the holonomy representation are either absolutely irreducible, or only of complex type or only of quaternionic type. Let us denote the above classes of flat manifolds by RT, CT and HT respectively.
Equivalently, we are looking for a faithful ZG module W such that H 2 (G, W ) contains a special element and R ⊗ Z W = (R ⊗ Z W ) F for F = R, C, H respectively in the decomposition (2) .
In the first two cases (i.e. F = R and F = C) such examples are well known and we shall present them in the next section. For example any Hantzsche-Wendt manifold has holonomy representation whose R-irreducible components are all absolutely irreducible. Similarly, any flat manifold with holonomy group (Z 3 ) k and the first Betti number equal to zero and dimension 2(2 + k) ([16, Th. 4.2]) has holonomy representation with R-irreducible components only of complex type.
However in the case F = H such examples were unknown. One of our main results (Theorem 3.1) is a construction of a flat manifold in the class HT. In the final section we shall give a list of finite groups which are not holonomy groups of flat manifolds in the class HT.
An even dimensional flat manifold M 2n is Kähler if and only if all R-irreducible summands of the holonomy representation ϕ π 1 (M 2n ) , which are also C-irreducible occur with even multiplicity, see [16, Prop. 7.2] . By the above definition any flat manifold in the class CT is Kähler. On the other side, any Kähler flat manifold with non-zero first Betti number does not belong to the class CT.
CT

Kähler flat manifolds
Similarly, any flat manifold M 4n of dimension 4n of the class HT is hyperkähler, i.e. ϕ π 1 (M 4n ) (G) ⊂ Sp(4n), see [9] . In fact, from (cf. [10, p.58] ) it is well known that any irreducible complex representation V with ν 2 (V ) = −1, has even dimension and carries a G-invariant, non-degenerate symplectic form. However, any hyperkähler flat manifold with the first Betti number different from zero is not HT. See also [19] and [3] .
HT hyperkähler flat manifolds
For any finite group G, it has been observed (see [11] and [3, Prop. 3.2]) that using "the double" construction it is possible to define Kähler and hyperkähler manifolds with holonomy group G.
Real and complex case
To begin with, we shall present a class of examples of flat manifolds whose holonomy representations have a decomposition (2) with only absolutely irreducible components. Any flat manifold with holonomy group (Z 2 ) k , k ≥ 2 has such property. The simplest ones are the Klein Bottle and the 3-dimensional Hantzsche-Wendt manifold whose fundamental group is defined as follows, see [16] :
Let us present an example of a flat manifold M k where all components of the holonomy representation are of "complex" type (have Frobenius-Schur indicator equal to 0). The manifold M k has holonomy group (Z 3 ) k , first Betti number zero and dimension equal to 2(k + 2), k ≥ 2.
For example, to define the manifold M 2 we shall need matrices:
and I k is the identity k × k matrix, for any k ∈ N. Thus D and E are invertible integer matrices of degree 8. We define two elements
We have (see [16] ) that π 1 (M 2 ) = Γ 2 .
A flat manifold in the class HT
In this section we present one of the main results of our article. Proof. Let the presentation of a group G be given as follows. G fits into the central extension
, it is generated by the elements a, b, c, d of order 4, such that a 2 = c 2 and b 2 = d 2 generate the center Z(G) and we have commutator relations:
This is an example of a skew group, i.e. a group for which we have
where Irr(G) denotes the set of complex irreducible characters of G. In the library of small groups of GAP [7] G is labeled as [64,245]. G has exactly 3 characters χ 1 , χ 2 , χ 3 with Frobenius-Schur indicator equal to −1. They are distinguished by their values on the center only, since on every element of the set G \ Z(G) each of them is equal to zero. The non-zero values are presented in Table 1 . Moreover, the characters are conjugate one to another, which means that for every 1 ≤ i < j ≤ 3 there exists an automorphism f ij ∈ Aut(G) such that χ j = χ i • f ij . Let us introduce a notation for two of those automorphisms:
(3)
From Table 1 and the fact that the center Z(G) is a characteristic subgroup of G we have that
M f = M and the action · f comes from the original action of G on M as follows:
where g ∈ G, m ∈ M f . Moreover, for every such automorphism f and every subgroup H of G we have Diagram 1, where (f |H ) * is an isomorphism. Hence, if we can find a G-lattice M and an element α ∈ H 2 (G, M) such that res C 1 α = 0, then
where C i = ker χ i is the group generated by a 2 , b 2 and a 2 b 2 , for i = 1, 2, 3 respectively. Hence the element
is special, since non-trivial elements of Z(G) are the only elements of G of order 2.
The construction of the lattice M which works for the group C 1 in the above sense is as follows. Let S 1 = ind G C 1 Z be induced from the trivial C 1 -module Z. If we denote by χ the character of the G-module S 1 , then direct calculations show that χ, χ 1 = 4 and χ, χ 2 = χ, χ 3 = 0.
This means that there is a homogeneous component of the CG-module C ⊗ Z S 1 of dimension 16, which contains quaternionic summands only. Moreover, since χ 1 is not the character of a real module, by [10, Corollary 10.14] we get that 2χ 1 is the character of some QG-module. If ρ 1 : G → GL(32, Z) is a permutation representation corresponding to the G-module S 1 (see below), then the procedure of finding homogeneous components in representations, presented in [15, Section 2.6], allows us to find a basis of the submodule of S 1 with character 4χ 1 . To be more precise, 16 columns of the matrix
up to multiplication by a rational constant, form a Z-basis of a pure Z-submodule of S 1 , which admits a G action. If we denote this module by M then M ∼ = Z 16
and computer calculations show that H 2 (G, M) = α ≃ Z 2 . Moreover, res G C 1 α = 0 and the formula (4) defines a special element which corresponds to the torsion-free extension , where the superscripts define rows of a permutation matrix which should be multiplied by −1. The cocycleα which defines non-zero cohomology class α in the group H 1 (G, Q 16 /Z 16 ) ∼ = H 2 (G, Z 16 ) is given by: a → 0, 1 2 , 0, 0, 0, 1 2 , 1 2 , 1 2 , 1 2 , 0, 1 2 , 0, 0, 1 2 , 1 2 , 0 + Z 16 , b → 0, 0, 0, 1 2 , 0, 1 2 , 0, 1 2 , 0, 1 2 , 0, 1 2 , 0, 1 2 , 1 2 , 1 2 + Z 16 , c → 0, 1 2 , 1 2 , 0, 0, 1 2 , 1 2 , 1 2 , 0, 1 2 , 0, 0, 1 2 , 0, 0, 1 2 + Z 16 , d → (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0) + Z 16 .
One gets that ρ M (a 2 ) = I 16 , the identity matrix of degree 16, and that
The calculations are presented in more detail on the web page [13] .
Holonomy groups of flat manifolds from the class HT
Let HT denote the class of holonomy groups of manifolds from the class HT. This section is motivated by the search for further examples in HT . We will present some necessary conditions for a group G to belong to HT . Then we will exclude certain simple groups from the class HT . Finally, we comment on 2-groups. Proof. Ad. 1: By assumption the map l : G → G, g → g 2 is a bijection. Hence ν 2 (χ) = −1 for any χ ∈ Irr(G). In fact ν 2 (χ) = 1 |G| Σ g∈G χ(g 2 ) = 1 |G| Σ g∈G χ(g) = χ, 1 . Here , denotes the scalar product of characters, and 1 the trivial character. Ad. 2: The Frobenius-Schur indicator of every character of every abelian group is equal to 0 or 1. Ad. 3: Suppose that Z(G) contains an element z with |z| = 4 or |z| = p for some odd prime p. Let ψ be a faithful complex character of G. Then there is some irreducible constituent χ of ψ such that z 2 is not in the kernel of χ. As res Z(G) χ = χ(1)λ for some λ ∈ Irr(Z(G)), we obtain χ(z) ∈ C \ R. Hence χ = χ and so G cannot have a faithful quaternionic representation. Ad. 4: This is in fact a definition of a primitive group (see above). Proof. Follows from proofs of Lemmas 2.1 and 2.2.a of [8] .
Proposition 4.6. The following groups do not belong to HT : (i) SL 2 (F q ), PSL 2 (F q ), where q is a power of a prime; (ii) A n , 2.A n , S n , 2.S n , n ≥ 5;
(iii) a perfect central extension of a sporadic simple group.
Proof. Ad i: These groups are excluded by Lemma 4.4, as all characters χ with ν 2 (χ) = −1 satisfy χ(z) = −χ(1) for z ∈ Z(G), |z| = 2 and hence O p ′ (G) ⊂ ker χ for any prime p = 2. Ad. ii: Let n ≥ 5. Then S n and A n do not have irreducible representations of quaternionic type. For example all C-irreducible representations of S n are afforded by real representations, [ 
Since the index of A n in S n is equal 2, then by [10, Corollary 6.19] U ≃ U . By definition, we can conclude that V is of "complex type". For the groups 2.A n and 2.S n we argue as in the proof of i. Ad. iii: Assume first that G is simple. Using the Atlas [2] [20, Satz] ). If a finite group G is non-abelian and all its non-linear characters have Frobenius-Schur indicator equal to −1 then G is a 2-group.
Proof. We follow [14, p.354 ]. Let G be a minimal counter example to the theorem. First, since all non-linear irreducible characters have even degree, [17, Theorem 1] shows that G has a normal 2-complement K. Let T be a Sylow 2-subgroup of G. Then T ≃ G/K, therefore G and T have the same number of linear characters of order 2 and all irreducible characters of T can be considered as characters of G. The Frobenius-Schur formula (5) I(G) = Σ χ∈Irr(G) ν 2 (χ)χ(1),
shows that T has at least as many involutions as G has. This is possible only if G and T have the same number of involutions, and then (5) implies that all non-linear irreducible characters of G are characters of T, which means that K is contained in the kernels of all these characters. But then K = 1 and G is a 2-group.
Example 4.8. Let E be an extraspecial 2-group of order 2 2m+1 , m ≥ 1. Then E/E ′ is elementary abelian and there is a unique irreducible character of degree 2 m (see [10, Problem 2.13] ). There are two non-isomorphic such groups and ν 2 (χ) = −1 in one of these copies (if E is a central product of the quaternion group of order 8 and several dihedral groups of order 8).
In particular, E does not belong to HT by the main result of [12] . Remark 4.9. Proposition 4.3 may be used to show that the group [64, 245] , defined in the proof of Theorem 3.1, is the only group of order less than or equal to 64, which is the holonomy group of a flat manifold from the class HT. 
